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Dilute suspensions of neutrally buoyant, uniform-diameter spheres in a viscous liquid 
are sampled through pores in the wall of a stirred tank These studies are performed to 
investigate screening effects near the sampling orifice that cause samples to be deficient 
in solids. The ratio of sphere concentration in the sample to that of the original suspen- 
sion ranges from 0.08 to 1.12. Sample concentration decreases with decreasing sam- 
pling pore diameter and increasing stirring rates. The objectives of this work are both to 
obtain experimental relationships and to develop predictive techniques relating flow fields 
to sample concentration. 

Sample concentration is predicted by calculating particle trajectories in the region 
near the pore and by accounting for steric exclusion. Particle trajectories can differ from 
fluid streamlines due to lip forces generated in the flow field. These estimates constitute 
a priori predictions, since they do not rely on or introduce any empirical parameters. 
Predicted values of sample concentrations agree closely with data. 

Introduction 
Understanding the flow behavior of suspensions in the 

vicinity of a pore is important both to membrane separation 
and to sampling. Typically, a particle-filled liquid suspension 
entering a pore is deficient in particles, relative to the origi- 
nal suspensions, due to screening effects at the pore. If one 
attempts to sample the suspension, this means that the sam- 
ple’s concentration will be too low. Similarly, if one uses a 
porous membrane to concentrate suspensions and the pores 
are slightly larger than the particles, the separation effective- 
ness will be better than expected. Such screening can occur 
both in turbulent (Nasr, 1986) and in laminar flow. Our focus 
is restricted to suspensions in laminar flow. 

Fahraeus (19291, in a study of blood viscosity, found that 
blood samples taken from a tank through a thin glass tube 
contained fewer red cells per volume than the blood in the 
tank. Expressing 4, as the volume concentration of particles 
in the bulk and C#J~ as the concentration in the sample, 
Fahraeus found that the dimensionless relative sample con- 
centration, ax: 

as = < 1. (1) 

-~ 
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Further, the concentration “deficiency” grew as the sampling 
tube’s inner diameter was decreased. Near the heart, blood 
contains approximately 40 vol. % red blood cells. In small 
capillaries, far away from the heart, red cell concentration 
decreases to about 10 vol. %. It is thought that the decrease 
in red cells is due to a screening effect at the entrance to 
branch (generally smaller) vessels. This is frequently referred 
to as the “Fahraeus effect.” Therefore, depends on the 
relative size of the pore; as d/2a, the ratio of pore diameter 
to particle diameter, decreases toward unity, the effect be- 
comes more pronounced. 

In addition to pore diameter, one would also expect the 
velocity field in the vicinity of the sampling pore to affect the 
concentration deficiency. A suitable independent variable 
here could be I/ch/V,, or some characteristic velocity dedi- 
mensionalized by an average velocity in the pore. One might 
expect small characteristic or suspension velocity and high 
sampling velocity to yield truer, or less-concentration-defi- 
cient, samples. This is indeed the case for samples taken in 
turbulent velocity fields as in Nasr, but little experimental 
work has been reported for laminar velocity fields. Fahraeus 
did not describe this velocity field and neither did more re- 
cent experimental investigators (Cokelet, 1976; Gaehtgens, 
1980). The objectives of the experimental phase of the pres- 
ent work are to determine the dependence of the relative 
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sample concentration as on both the relative pore size, d/a, 
and the dimensionless velocity field, T/ch/V,, at the sampling 
pore. Certain independent variables, including particle den- 
sity, particle sphericity, particle size distribution, and particle 
concentration, are avoided intentionally by using neutrally 
buoyant spheres of a single size in dilute concentration. 

In addition to the experimental phase of the work, it is 
important to determine whether the functional dependence 
of QS on d/a and V,,/V, can be predicted apriori. Yan et al. 
(1991) explained the screening of red cells based on the hy- 
drodynamic interactions that occur in creeping flow (Re << 
0.1). Dagan et al. (1982, 1983) describe, mathematically, hy- 
drodynamic interactions of spherical particles with a wall 
containing a sampling port in creeping flow. The work of Da- 
gan and Yan was restricted to very slow flow, where there are 
no inertial effects. However, the creeping-flow equations 
eliminate the inertial terms of the Navier-Stokes equations 
and hence the possibility of calculating any lateral (inertial) 
migration (Bretherton, 1962). Our experiments also include 
laminar flow, but with velocities sufficient to render inertial 
effects not negligible. 

Lateral particle migration, which can lead to a diminution 
of as, corresponds to the case of a particle crossing over 
streamlines of a fluid suspension. This sort of particle migra- 
tion is well documented. Segre and Silberberg (1961, 1962a,b) 
performed an experimental investigation of dilute suspen- 
sions of neutrally buoyant particles in Poiseiulle flow in tubes 
with tube Reynolds numbers ranging from about 3 to 700. 
They found that, although the liquid was undergoing essen- 
tially rectilinear motion, particles flowing along with the fluid 
migrate either away from the wall or away from the center 
line, ultimately forming, well downstream, a thin annular ring 
about 0.6 of the way from the center line to the wall. This 
phenomenon is called the “tubular pinch effect.” This migra- 
tion is also known as “inertial migration” (Bretherton, 1962) 
or, simply, “lift.” 

The lateral migration of neutrally buoyant spheres has since 
been theoretically investigated by Cox and Brenner (19681, 
Ho and Leal (19741, and Vasseur and Cox (1976), among oth- 
ers. Schonberg and Hinch (1989) described, mathematically, 
the tubular pinch effect in the experiments of Segre and Sil- 
berberg (1962a,b), albeit for parabolic flow between parallel 
plates rather than in a tube. They used singular perturbation 
expansions to calculate lateral migration with a channel 
Reynolds number range of 1 to 150. Their results are summa- 
rized in plots of dedimensionalized lateral migration velocity 
vs. position, which allows one to calculate lateral migration 
velocities, depending on particle size, channel size, fluid ve- 
locity, and location. 

Many engineering problems may be explained by a lateral 
migration mechanism. Green and Belfort (1980) and Altena 
and Belfort (1984) describe activity at the surface of a cross- 
flow membrane where solutions of macromolecules have 
filtration rates an order of magnitude lower than colloidal 
particles. This is called the “flux paradox” since the much 
larger colloidal particles would be expected to clog the mem- 
brane faster. This can be explained by considering macro- 
molecules as part of the fluid continuum and therefore hy- 
drodynamically inactive. However, large solid particles can- 
not deform in a shear field as an equivalent element of fluid 
would and therefore cause a disturbance flow (hydrodynamic 
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activity). If this disturbance flow interacts with a nearby 
wall/membrane, the particle migrates away from it. Hence, 
under proper flow conditions, particles migrate away from 
the membrane, decreasing fouling rates. This idea is experi- 
mentally reinforced by Otis et al. (1986). Later, Levesley and 
Bellhouse (1993) separated particles in a cross-flow mem- 
brane system according to size due to the different balance 
between lift and drag forces. 

Berge (1990) has measured lateral migration in tubes as 
small as 30 microns in diameter. Also, Bauser et al. (1982) 
has observed the tubular pinch effect for blood flowing in a 
tube (with a membrane wall) with a diameter of 225 microns 
and a tube Reynolds number of approximately 0.004. There- 
fore, lateral migration is a plausible mechanism for the 
screening of red cells at microvessel bifurcations. It is also a 
plausible mechanism for screening of particles at sampling 
pores and thus the objective of the numerical phase of our 
work is to determine whether lateral migration can be used 
to predict sample concentrations a priori. 

The fluid that flows along a wall into a pore forms a tun- 
nel-like shape called a capture tube by Tutty (1988). The 
boundaries of this capture tube are formed by so-called limit- 
ing streamlines. If a limiting streamline is less than one sphere 
radius from the wall, any contribution to the sample made by 
a sphere will be lost. This is an additional screening mecha- 
nism and is referred to as steric exclusion in this work. It is 
also to be taken into account in the numerical simulations. 

Experiment 
The experiment is designed to permit variation in sampling 

rate, pore diameter, and flow field. This is done in a baffled 
Rushton stirred tank, in which the fluid suspension is contin- 
uously stirred and samples are taken through a pore in the 
vertical cylindrical wall above the plane of the stirrer. A 
Rushton stirred tank was chosen so that good mixing could 
be assured and so that the results of previous flow studies 
could be used (Calabrese, 1986; Ekert et al., 1985). 

The suspension contains a dilute, monodisperse suspension 
of neutrally buoyant ABS (acrilonitrile-butadiene-styrene) 
spheres 1.50 mm in diameter in a propanediol/glycerin (20:l 
by vol) liquid mixture. The liquid viscosity is 63 mPa - s and its 
density is 1,050 kg/m3. All experiments were conducted in a 
temperature-controlled room at 299 0.5 K. Sphere sedimen- 
tation rates in a stagnant mixture were measured and kept 
below 0.01 mm/s by adjusting the relative glycerin content to 
ensure virtual neutral buoyancy. For most experiments, tank 
sphere concentration is 0.2 vol. % (4t = 0.002). This concen- 
tration was chosen to be sufficiently low to eliminate parti- 
cle-particle interactions and sufficiently high to provide good 
particle counts. According to Feuillebois (1 9891, when solids 
volume fractions are greater than 1%, two-body interactions 
occur. At +t = 0.002, the motion of each particle is thought 
to be affected only by fluid-velocity gradients and hydrody- 
namic interactions with boundaries. 

Figure 1 shows the tank dimensions. Fluid volume is 2.008 
L, and the depth is 140 mm. There are four vertical baffles, 
90” apart, which protrude 14 mm into the tank. The stirrer is 
a six-bladed Rushton impeller 48 mm in diameter and is 
one-third of the way from the tank bottom to the liquid level. 
When the impeller is turning, three distinct, flow cells are 
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Figure 1. Rushton-type stirred tank with a six-bladed 

impeller. 
The experimental tank has a fluid volume of 2.008 L. 

established. A lower cell forms from the impeller to the tank 
bottom. A central flow cells sets up from the impeller toward 
the liquid level. There is also a small surface cell (see Figure 
2). Only the vertical and radial velocity components are de- 
picted; the angular velocities are not shown because they are 
negligible in the vicinity of the sampling pore, on account of 
the baffles. Pore centers are in a vertical plane midway be- 
tween baffles and, in most cases, in a horizontal plane 33 mm 
above that of the impeller. Pores measure 3 , 6  and 12 mm, or 
2,4 and 8 times the sphere diameter, respectively. 

In most of the experiments in this study, the suspension 
approaches the sampling port by flowing upwards along the 

H = T = 140 mm 

Figure 3. Experimental system 
(a) RPM counter; (b) stirring motor; (c) Rushton-type baf- 
fled tank; (d) vacuum; (ef surge vessel; (f) scrubber; (g) peri- 
staltic pump. 

H 

- T +  

Figure 2. Flow cells in a plane midway between baffles. 
A sampling pore is near the top of the central flow cell. 
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tank wall, with the pore located at a point before which the 
flow field begins to turn radially inward. Some of the suspen- 
sion is sampled and the rest flows past. Streamlines separate 
fluid entering the pore from that excluded from the capture 
tube. When the impeller speed or the withdrawal velocity is 
varied, the size and shape of the capture tube changes. 

Fluid is withdrawn from the tank through a pore with a 
flexible tube of the same diameter as the pore. The tubes are 
approximately 300 mm in length and empty into a collection 
flask. A variable-speed peristaltic pump allows the average 
velocity in the pore to be kept at 10 mm/s. An empty 2-L 
flask and a snubber (a cylinder of sintered metal) are placed 
in the line downstream of the collection flask to remove the 
pulsing action of the pump. The sampling system is shown in 
Figure 3. 

Experimental stirrer speeds range from 100 to 500 rpm. 
According to laser Doppler measurements of Costes and 
Couderc (1988), the shape and size of the flow cells remain 
the same as the stirrer speed increases. Only the magnitudes 
of the velocities change (in proportion to stirrer speed 
change). Accordingly, impeller tip speed is used as the char- 
acteristic velocity of the suspension. 

Sample volumes range from 0.05 to just over 0.1 L, or less 
than 5% of the total fluid volume. Samples much larger than 
0.1 L may affect the size and shape of the central flow cell. 
Each sample is withdrawn, analyzed by weighing and count- 
ing the particles, and returned to the tank before the next 
experiment is conducted. For any given stirring speed and 
sample withdrawal velocity, concentrations vary from sample 
to sample. Therefore, four to six samples are taken for each 
flow condition and averaged. 

Theory 
To predict the concentration of the suspension sample en- 

tering the pore, we consider two mechanisms: lateral migra- 
tion (or lift-out) and steric exclusion. The lift-out mechanism 
is handled by incorporating the results of Schonberg and 
Hinch (1989) in a computation of lateral migration of parti- 
cles out of the capture tube. The steric exclusion mechanism 
is handled by computing a flow-average contribution of the 
“outside” portions of the capture tube where all sphere cen- 
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gateway/limiting streamlines I / 

Figure 4. Section of the gateway between Z=Z, and 
Z=Z, and Y=O.75 mm is a region of steric 
exclusion. 
No sphere centers can enter here. All solids contributions to 
this region will be screened. 

ters are always beyond the limiting streamlines and are thus 
screened geometrically (see Figure 4). This requires that the 
limiting streamline be less than one sphere radii from the 
wall. As the fluid velocity along the wall increases (or the 
fluid velocity in the pore decreases), the limiting streamlines, 
and hence the entire capture tube, becomes smaller. This 
causes 2, in Figure 4 to move closer to 2 = 0. For a small 
enough capture tube, all spheres (@$ = 0)  will be screened by 
steric exclusion. 

Segre and others conclude that the inertia of the fluid and 
the presence of a rigid wall must be responsible for the tubu- 
lar pinch effect. Schonberg (1986) describes the effect as be- 
ing a balance of two forces. One is created by the sphere’s 
interaction with the wall and its neighboring shear field, caus- 
ing a migration away from the wall. The other is created by 
the shear and curvature of the Poiseuille flow, causing a mi- 
gration away from the centerline. These two opposing forces 
depend on radial position and balance at approximately 0.6 R, 
where R is the tube radius. 

An equivalent pinch effect also exists for parabolic flow 
between flat plates (Schonberg, 1986; Otis et al., 1986). It 
follows that a type of pinch effect would also be found in a 
viscous suspension flow with a curved velocity profile near a 
single flat wall. For our apparatus, sphere diameters are ap- 
proximately two orders of magnitude smaller than the tank 
diameter, so the particles can be thought of as flowing along 
a flat wall, thereby permitting us to use the predictions of 
Schonberg quantitatively. 

Figure 5 shows a semi-infinite fluid with a Curved velocity 
profile flowing near a flat wall containing a pore through 
which fluid is being withdrawn. There must exist a limiting 
streamline such that the fluid flowing between it and the wall 
will enter the pore. If the fluid is a dilute suspension of 
spheres, a sphere flowing parallel to a wall will also migrate 
laterally away from it. This migration will cause the sphere to 
cross streamlines. A sphere located just on the wall side of 
the limiting streamline may eventually migrate through. 
Therefore, if a SUSpenSiOn flowing along a wall is being Sam- 
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Figure 5. Limiting trajectory. 
All spheres entering the capture tube between the limiting 
trajectory and the wall will enter the pore. Spheres within 
the limiting streamline and outside the limiting trajectory are 
lost from the sample due to lateral migration. 

pled through a pore, some spheres may be lost due to lateral 
migration through the limiting streamline, causing the sample 
to be deficient in solids. 

All spheres flowing in the neighborhood of a wall will mi- 
grate away from the wall but not all will be lost from the 
sample. There will exist a limiting trajectory (see Figure 5 
again), such that all spheres that enter the capture tube be- 
tween it and the wall will be captured and all those that enter 
above it will be lost from the capture tube. We refer to this 
particle screening procedure as the lift-out mechanism. 

The lateral migration velocities of neutrally buoyant 
spheres in dilute suspensions in Poiseuille flow between flat 
plates were calculated by Schonberg and Hinch (1989). These 
migrations were calculated for a channel Reynolds number 
range of 1 to 150. This is within the experimental range of 
Segre and Siberberg, and also within our experimental range. 
Schonberg’s lateral velocities are used to predict sphere tra- 
jectories in the computer simulations. An a prion calculation 
of sample concentration can be made if limiting streamlines 
and limiting trajectories are known in three dimensions. 

In order to apply the results of Schonberg and Hinch, it is 
necessary to know the velocity field around and upstream of 
the pore. This was accomplished by numerical solution for 
the region of the top of the central flow cell, using the FI- 
DAP computer code, Version 4.15, published by Fluid Dy- 
namics International of Evanston, Illinois. This code solves 
the Navier-Stokes equations using a finite-element method. 

The boundaries of the flow system that is simulated are 
shown in Figure 6. According to laser Doppler measurements 
of Costes and Couderc (19881, and our own laboratory obser- 
vations, the flow in this region is virtually vertical. Therefore, 
the flow in the region of simulation can be represented by a 
series of two-dimensional slices. Also, since tank Reynolds 
numbers are calculated (as in Hiraoka et al., 1988) to be 59 
for 100 rpm to 295 to 500 rpm, the flow region near the wall 
is considered to be laminar. The velocities along boundaries 
(1) and (2) of Figure 6 are taken from the measurements of 
Costes and Couderc. The velocities on boundary (3) are left 
variable. A parabolic profile is prescribed along boundary (4), 
which is the exit from the pore. No-slip conditions are im- 
posed along solid boundaries. Solutions are obtained for a 
succession of two-dimensional sections of the capture tube in 
order to reduce computation time relative to three-dimen- 
sional computation. Each section is a plane containing fluid 
streamlines and lines parallel to the pore axis. For a given 
Pore size, each section will contain a different size pore en- 
trance, as Seen by the moving fluid. Errors introduced by ne- 
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Figure 6. Boundaries of the computer simulation. 
The velocity measurements of Costes and Couderc are used 
for the boundary conditions along (1) and (2). The velocities 
along (3) are variable. A parabolic velocity profile is pre- 
scribed at the exit of the pore (4). 

glecting cylindricity are small, since the height of a section is 
small compared to the tank radius. Velocities perpendicular 
(2-component) to these two-dimensional sections are as- 
sumed to be negligible. According to Tutty (1988), for slow 
withdrawal velocity, these effects are small and we neglect 
them in this work. 

Once the velocity field is found, it is simple to identify the 
streamline that forms the boundary of the capture tube for 
the liquid. The task then becomes one of determining the 
particle trajectory that reaches this capture tube just at the 
entrance to the pore. The starting point for this trajectory is 
within the capture tube well upstream of the pore (approxi- 
mately 20 sphere diameters). The particle trajectory is com- 
puted using the relationship of Schonberg and Hinch (1989). 
Lift velocities are given as a function of distance from the 
wall. We superimpose these lift velocities onto the fluid ve- 
locities calculated previously to obtain particle trajectories. 

The limiting streamlines and limiting trajectories for the 
several sections are then analyzed to calculate sample con- 
centrations. This procedure amounts to a numerical integra- 
tion over the various sections so that the entire pore area is 
included. 

Certain assumptions are included in these numerical simu- 
lations: 

1. There is no lateral migration directly over a pore (i.e., 
without a wall). Although there is undoubtedly some lateral 
migration in an “unbounded” flow (see Saffman, 1965), we 
assume here it is small compared to that caused by a wall. 
Therefore, as soon as the sphere is no longer flowing along a 
wall and is directly over a pore, it simply flows along the fluid 
streamline into the pore. 

2. There are no particle-particle interactions. Since these 
simulations deal only with very dilute suspensions (4t = 
0.002), it is assumed that the particles are far enough apart to 
behave independently. Assuming a face-center cubic array, 
the interparticle gap is 10.79 sphere radii. 

3. It is the sphere center that is either captured or lost 
from the sample. If a sphere center is on the wall side of the 
limiting streamline and then migrates across it, it is assumed 
that the sphere is lost from the sample (even though part of 
that sphere may remain on the wall side as it passes over the 
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pore). Also, of course, if the sphere center is captured, then 
the whole sphere is captured. 
4. It is assumed that the suspension enters the capture tube 

as a “true”samp1e (where 4 = 0.002). Sphere centers are sta- 
tistically equally likely to exist at any point in a well-mixed 
system. However, no sphere center can be closer to a wall 
than one radius (0.75 mm). Therefore the sphere centers (at 
the entry to the capture tube), which statistically would oth- 
erwise exist closer to the wall than one radius, are assumed 
to be pushed or placed in a position 0.75 mm from the wall. 
These spheres proceed from this placement. Some spheres 
are sterically excluded at this point. 

5. Brownian motion is negligible, owing to the large size of 
the particles and the high viscosity of the fluid. 

All computer programs are written to determine the liquid 
velocity field designated in Figure 6. These programs yield 
two-dimensional solutions and correspond to laminar, 
steady-state flow. The FIDAP code solves the Navier-Stokes 
equations using successive substitutions. The linear solution 
(the creeping-flow equation) is solved as a first guess for the 
nonlinear Navier-Stokes problem. These programs typically 
require 3 to 5 min CPU time on an IBM 3090 to converge to 
a relative velocity error of 1%. This occurs in three to seven 
iterations, depending on impeller speed. 

Computed velocity fields exhibit curved velocity profiles 
near the wall. These profiles are parabolic in u, (the velocity 
parallel to the wall) from the wall up to a maximum velocity. 
Beyond the maximum velocity, the flow is complicated and 
not parabolic, but this does not concern us, since all of the 
capture tubes in this work lie between the wall and the posi- 
tion of maximum u,. Figure 7 shows the velocity profile at a 
position 20 mm upstream of the pore. This is for the case of a 
3-mm pore and a 100-rpm stirring speed. The maximum ve- 
locity is 5.92 cm/s at Y, = 7.2 mm. Up to Y,, all velocities in 
this study are parabolic to within approximately 2%. 

h e 
E 
0 
Y 

>* 

y (cm) 
Figure 7. Velocity profile at a position 20 mm upstream 

from the 3-mm pore located at the top of the 
central flow cell with a stirring speed of 100 
rpm. 
The maximum velocity is 5.79 cm/s at Y,,, = 7.2 mm. 
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As the fluid enters the capture tube, the perpendicular ve- 
locity component uy is very small compared with u,. How- 
ever, as the fluid travels upward along the wall, away from 
the impeller plane, it slows down and begins to circulate back 
into the center of the tank. This causes uy to grow and u, to 
diminish, resulting in an expansion of the capture tube, since 
the limiting streamlines move away from the wall. This is 
shown in Figure 5. This is also due to the presence of the 
pore. The limiting streamline bows out well over the pore 
and ultimately attaches to the tank wall just beyond the pore. 
These general features have been shown in related flows 
both experimentally (Rong and Carr, 1990) and in computer 
simulation (Tutty, 1988). Also, as stirrer speed increases, the 
limiting streamlines move closer to the wall (provided pore 
withdrawal velocity remains constant). 

The maximum velocity parallel to the wall (u,,,) moves 
away from the wall as the fluid travels up and away from the 
impeller plane. This maximum velocity was used in the calcu- 
lation of a channel-type Reynolds number. The distance from 
the wall to the position of uX,, was doubled and used as a 
“channel” width, so that Re, = 2Y,u,,,/v. Here, Re, = 

channel Reynolds number; Y, = distance from the wall to the 
maximum velocity parallel to the wall; u,,, = the value of the 
maximum velocity parallel to the wall; and v is the kinematic 
viscosity of the propanediol/glycerin solution. Re, is used as 
part of the calculation of lift velocities for the suspended 
spheres (Schonberg and Hinch, 1989). 

Since the fluid slows down as it flows through the capture 
tube, and ux,, and Y, change with position, a channel 
Reynolds number must be calculated at every point to com- 
pute lift velocities. Channel Reynolds numbers ranged from 
10 to 50. 

Figure 5 shows, in two dimensions, both the limiting 
streamline and the limiting trajectory. Given the complete 
graphical numerical solution with depictions of streamlines, 
the limiting streamline, defining the fluid’s capture tube, is 
immediately obvious. The particle’s limiting trajectory, which 
is normally located within the limiting streamline, is deter- 
mined by an iterative procedure. At the gateway to the cap- 
ture tube, an imaginary sphere is located at some point 
between the wall and the limiting streamline. Based upon 
fluid properties, particle size and position, and velocity field, 
the lift velocity of a sphere can be computed from Figure 2 of 
Schonberg and Hinch (1989). This lift velocity allows one to 
calculate the new position of the particle, relative to the fluid 
streamline, as it moves downstream an incremental distance 
toward the pore (slot, in two dimensions). At the end of 
this step, a new velocity is computed and the calculational 
process is repeated. Nine steps in the x-direction were used, 
with size increments decreasing from 3.2 mm to 1.5 mm as 
the fluid moved toward the pore. Ultimately, the pore is 
reached and one can readily determine whether or not the 
sphere is captured. If the sphere is captured, the initial start- 
ing point on the gateway face of the capture tube is moved 
away from the wall and the entire series of calculations is 
repeated, until the particle streakline is established where the 
sphere barely escapes the pore. This procedure could be used 
to determine the vertical position of the limiting trajectory 
with a precision of 0.1%. 

The computer program yields a two-dimensional solution. 
In order to simulate the three-dimensional case, several of 

(2) 

these solutions were combined. That is, the three-dimen- 
sional capture tube is created by assembling several “slices” 
along the tube. The limiting streamlines of these slices taken 
together forms the capture tube. This capture tube shrinks as 
fluid flows faster (higher rpm) at constant pore withdrawal 
velocity. At the entrance to the capture tube is an archlike 
shape or gateway. Calculations of sample concentrations are 
made from limiting streamline and limiting trajectory infor- 
mation at this gateway. 

Consider two-dimensional parabolic flow along a wall to- 
ward a pore. As part of this fluid is pulled into the pore, 
there exists a limiting streamline separating fluid entering a 
pore from that flowing by, forming a capture tube. The start- 
ing point ( X  = 0, Y = /3) is somewhat arbitrary in terms of 
the x-distance, but is chosen to be sufficiently large that neg- 
ligible lift occurs before this point. All fluid entering between 
( X  = 0, Y = 0)  and ( X  = 0, Y = p )  flows into the pore. If this 
fluid contains neutrally buoyant particles, there will exist a 
limiting trajectory for these particles that begins at ( X  = 0, 
Y = a) ,  where a < /3. The fraction of the suspension enter- 
ing between Y = a and Y = /3 will lose all of its spheres due 
to lift. 

We define an exclusion function, f, as the flow average of 
the fluid entering the capture tube that loses its particles from 
the tube due to lift: 

j--%(Y)x=odY 
LOU( Y 1, = odY 

f= 

Only the x-direction velocity component ( U ( Y ) )  is used for 
the entry plane (x = 0) because the y-component is negligible 
there. 

A three-dimensional calculation is accomplished by per- 
forming a series of two-dimensional solutions of varying 
“pore” or slot width and numerically intergrating these over 
the total pore. Velocity components perpendicular to the 
two-dimensional plane are neglected. Axisymmetric parabolic 
profile into the pore is assumed: 

urn( p )  = urn&- p 2 ) ,  (3) 

where urn( p )  is the maximum velocity of a slot at p, the frac- 
tional distance from the pore center to the lateral edge of the 
pore oriented in the t-direction; is the maximum veloc- 
ity of the central slot and 0 I p I 1. At p = 0 (the central slot 
solution), flow into the pore and hence into the gateway, is at 
its maximum. Parabolic flow into the 2-dimensional pore (or 
slot) means that the average velocity is half urn( p). As p ap- 
proaches unity, the flow goes to zero. urn( p )  is prescribed as a 
boundary condition for each (FIDAP) slot solution. 

The total flow into the pore (and hence the gateway) as a 
function of p is 

C u m (  P ) L (  P )  d p ,  (4) 

where L( p )  = is a geometric weighting factor ranging from 1 
to 0 as p goes from 0 to 1, defined by 
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Combining Eqs. 3, 4 and 5, the total flow into the gateway 
can be represented as 

(6) 

Similarly, the fraction of flow entering the gateway between 
the limiting surface and the limiting trajectories is 

where fC p )  is the exclusion function of Eq. 2 expressed as a 
function of p. 

Equation 7 can now be applied to calculations of overall 
particle concentration. Referring to Figure 8, flow entering 
region (a) has its particles captured, while the flow entering 
regions (b) and (c) lose all theirs. In region (c), between Z, 
and Z,, no spheres can be captured since the sphere centers 
are excluded from the gateway, steric exclusion. The bulk of 
our computational effort has been the determination of the 
limiting trajectory for the region 0 < 2 < Z, and the calcula- 
tion of the relative amount of flow entering region (a) of the 
gateway. 

Therefore Eq. 7 can be rewritten as 

is used to calculate the predicted values of mS, which appear 
in Figure 12. 

From Figure 8 and Eq. 8, as stirring speed increases, the 
capture tube gateway shrinks. Both Z, and Z2 move toward 
the origin. Both mechanisms contribute to particle loss, and 
there will be a finite stirring speed at which as will reach 
zero. Increasing the speed further will decrease the gateway 
height at the origin until the height reaches one sphere ra- 
dius. At this point, all the particles will be screened solely 
due to steric exclusion. 

Full three-dimensional computer simulations by Tutty (for 
a somewhat simpler flow) have gateway shapes that are 
somewhat wider, with streamline attachments just beyond the 
radius of the pore. However, at low pore withdrawal veloci- 
ties, differences between Tutty's results and those of this work 
are minimal. 

Results and Discussion 
Experiment 

Figure 9 shows that mS decreases as the characteristic sus- 
pension velocity, yh/V,, increases, K h  consists of the im- 
peller tip speed, dT/3)R, and the V ,  is simply average pore 
velocity, u. Each point represents an average of four to six 
samples and has a standard deviation as shown by error bars. 
[For details see Jones (1990.1 The sphere volume fraction of 
the sample is & and the tank volume fraction is 4r = 0.002. 

In general, as velocity ratio increases, sample concentra- 
tions decrease. Particle screening is found to be highly sensi- 
tive to velocity ratio. For example, for a 3-mm pore with a 
withdrawal velocity of 1 cm/s and an impeller rotation of 500 
rpm (a velocity ratio in Figure 9 of about 140), over 90% of 
the particles are screened from the sample. Only about 10% 
are screened at 100 rpm for the same withdrawal velocity (a 
velocity ratio in Figure 9 of about 28). The screening effect is 
also found to be very sensitive to pore size: the smaller the 
pore, the greater the effect. Fahraeus found a similar de- 

The righthand side of Eq. 8 is the fraction of spheres lost 
from the sample, where Z, is equivalent to p = 1. Equation 8 

1.2L I I I 

gatewayhmiting streamlines 
/ 

limiting trajectories 

0.75 mm 

0 4 & %  2 

Figure 8. Gateway to a capture tube. 
All sphere centers that enter region (a) are captured; all that 
enter region (b) are lost due to "lift-out." All contributions 
by spheres to the solids concentrations of region (c), pro- 
vided the sphere center is between Z ,  and Z, ,  are lost due 
to steric exclusion. 

1 .o 
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Figure 9. Effect of pore size on sample concentration 
when tpt = 0.002. 
Pore position is at the top of the central flow cell. 
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Figure 10. Effect of pore location on sample concentra- 
tion when & = 0.002. 

pendence on pore size, although for systems of much higher 
solids fraction ( c#+ = 0.28, 0.405). 

For the experiments shown in Figure 9, the pore position 
near the top of the central flow cells causes the suspension to 
travel just over 30 mm (about 20 sphere diameters) along the 
wall to the sampling orifice. 

Additional experiments were performed to show what hap- 
pens when the pore is placed in the horizontal plane of the 
impeller and midway between baffles, Figure 10. The suspen- 
sion does not flow along a wall before being sampled. Al- 
though the general trend of decreasing ms with increasing 
impeller speed remains, the dependence is far weaker than 
that of Figure 9, with a 6-mm pore at the top of the central 
flow cell. With pore size and velocity ratio held constant, up 
to three times as many particles are screened when the pore 
location is 20 particle diameters away from the impeller plane. 

Thus far, all experiments were conducted using highly 
dilute suspensions in order to avoid particle-particle interac- 
tions. A study was performed at a tenfold higher concentra- 
tion, 2 vol. %, to see what effect, if any, particle-particle 
interactions might have on sample concentration. Results are 
shown in Figure 11 for samples taken with a 6-mm pore near 
the top of the central flow cell. At moderate to high velocity 
ratios, fewer spheres are screened from samples taken from 
the 2 vol. % solution. Evidently two-body interactions have 
occurred. 

Discussion of experimental results 
A major purpose of our experiments was to establish the 

effects of the flow field and pore size on the sample concen- 
tration. It was found that pore diameter, stirring speed, with- 
drawal velocity, and pore location each can affect sample 
concentration significantly. 

All of the experimental trends may be explained by the 
lift-out mechanism. For a given pore withdrawal velocity, as 
stirring speed increases, limiting streamlines move closer to 
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Figure 11. Effect of tank concentration on sample con- 

centration. 
Pore position is at the top of the central flow cell. 

the wall and the capture tube shrinks. Also, the closer a par- 
ticle is to a wall, ,the higher the lateral migration velocity 
(Schonberg, 1989). It follows that at higher stirring speeds, a 
sphere is more likely to lift out of the capture tube, causing 
the sample to be deficient, as in Figure 9. 

When a suspension flows directly from the impeller toward 
a pore, some spheres are screened, as shown in Figure 10. 
However, this screening effect is far smaller than for suspen- 
sions, which flow along a wall and are then sampled. Clearly, 
hydrodynamic interactions with a wall resulting in particles 
lifting out of a capture tube creates this dramatic difference. 

The behavior of systems with the relatively high tank vol- 
ume fraction of 2% (c#+ = 0.02, as shown in Figure 11) is 
somewhat more complicated. Here we must first consider the 
gap between particles. Assuming a cubic array, the interparti- 
cle gap is (4/3 r r ay4)v  - 2a, where a is the sphere radius. 
This gives a gap of 10.79 for 4r = 0.002 and 3.94 for cPl = 0.02. 
If the particles are far enough apart (as in a very dilute solu- 
tion), they behave as if in isolation (as has been assumed for 
4, = 0.002). That is, they may migrate through the limiting 
streamline unimpeded by neighboring particles. At a much 
higher concentration, a particle’s lateral migration can be 
slowed down by another particle, more distant from the wall, 
which is in the closer particle’s migration path. This more 
distant particle is moving away from the wall more slowly or 
possibly not migrating at all. This migration hindrance will 
cause some particles to remain in the capture tube that oth- 
erwise would have migrated out. Samples taken at relatively 
high tank concentrations are then expected to have a smaller 
deficiency (a higher &/c#I~) in the sample than for highly di- 
lute tank concentrations. This is observed experimentally and 
shown in Figure 11. 

Simulation results and discussion 
Figure 12 contains experimental results and predictions for 
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Figure 12. Experimental results and predictions for 
3-mm and 6-mm pore sampling. 

sample concentrations obtained with 3-mm and 6-mm pores 
located at the top of the central flow cell taken from dilute 
(+ t  = 0.002) suspensions. The experimental data follow an in- 
verted S shape, with virtually true samples obtained at low 
velocity ratio, followed by a rapid decline in sample concen- 
tration, and finally, at high velocity ratios, there is a leveling- 
off or “tai1”with very low sample concentrations. 

The theoretical predictions are quite close (within about 10 
to 20%) for the 3-mm pore case at low to moderate velocity 
ratios. For the larger pore diameter, the predicted sample 
concentration falls off with velocity ratio somewhat later than 
observed experimentally, although the trend is certainly cor- 
rect, and the sharpness of the dependence is matched. At 
higher velocity ratios, the predictions fall toward zero, and do 
not exhibit the gradual horizontal asymptote. This may be 
caused by our having exceeded the Reynolds numbers for 
which the scheme is valid. Schonberg’s relationship was ob- 
tained for channel Reynolds numbers ranging from 1 to 15, 
whereas our equivalent Re is 50 at 400 rpm. Further, as 
Reynolds number (velocity) increases, Segre and Silberberg 
and Schonberg and Hinch found that the equilibrium point 
for the particles moves closer to the wall, implying less lift at 
higher Re. Therefore, at higher stirring speeds (velocity ratio), 
the simulations predict lift velocities that are probably too 
large, causing the predictions to fall off a bit too rapidly with 
velocity ratio. 

For the range of variables in this study, simulations show 
that lift has a greater effect than steric exclusion, as shown in 
Table 1. Lift becomes relatively more important, as the fluid 
flows by the pore faster (higher rpm) with constant with- 
drawal velocity. This makes sense, since the capture tube 
shrinks closer to the wall at higher rpm, and less lateral dis- 
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Table 1. Screening Mechanisms vs. Simulation Results 

Pore 
Sue 
mm rpm 

3 100 
3 200 
6 100 
6 300 
6 400 

Fraction of Spheres Entering 
Capture Tube Lost by 

Steric 
Lift Exclusion 
0.04 0.03 
0.25 0.13 
0.01 0.01 
0.18 0.08 
0.56 0.20 

3 by 
Simulation 

0.93 
0.62 
0.98 
0.74 
0.25 

tance need be traveled by a sphere to escape capture. Also 
lateral velocities are higher nearer the wall. 

Under certain circumstances, it is possible that Qs > 1. This 
is consistent with theory. When the capture tube extends be- 
yond the equilibrium point but is still inside the position of 
maximum velocity, there will be lateral migration into the 
capture tube (lift-in) due to the tubular pinch effect. The 
solids in the sample are thereby enhanced. For example, in 
central slot solution, for low rpm, some lift-in was calculated 
along with some steric exclusion, which added to Qs of about 
one. 

Conclusions 
Samples taken of a stirred fluid suspension through a pore 

in a wall contain fewer particles than the bulk suspension. 
The normalized concentration mS decreases from unity nearly 
to zero with increased stirring speed and decreased pore size. 

A-pn’on’ predictions of Qs are obtained by calculating the 
degree of particle screening from mechanisms of steric exclu- 
sion and inertial migration, or lift-out. Inertial migration, the 
more significant mechanism in the present work, is based on 
the work of Schonberg and Hinch (1989), who calculated lift 
velocities for a freely rotating sphere in a fluid undergoing 
parabolic flow between parallel plates. In the present geome- 
try the flow upstream of the pore is similar, nearly parabolic, 
and nearly parallel to the wall; particles move away from the 
wall as the fluid travels toward the pore. For Qs = 0.5, agree- 
ment between experimental and predicted characteristic ve- 
locities is quite good-within 20% for a 6-mm pore and within 
5% for a 3-mm pore. Additional support for the inertial mi- 
gration mechanism comes from samples taken through a pore 
in the plane of the impeller, or one in which there is no par- 
allel flow along a wall upstream of the pore. Far fewer parti- 
cles are screened out, presumably because the particles do 
not experience hydrodynamic interactions with a wall. 

Experiments were also conducted using a suspension with 
a tenfold higher sphere concentration (2 vol. %) to investi- 
gate the effect of particle-particle interaction. At higher con- 
centration, fewer spheres are screened. This difference is 
shown to be consistent with the lateral migration mechanism. 

Notation 
H = tank height 

T =  tank height 
V,  = sampling velocity 
a = starting distance from tank wall for limiting trajectory 
p= starting distance from tank wall for limiting streamline 
R = impeller speed 

L( p )  = geometric weighting factor 
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